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Learning	rate	adaptation	in	dynamic	environments:

An	important	focus	of	research	in	computational	psychiatry	
and	computational	neuroscience	
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Example:	task	of	Iglesias	et	al.,	Neuron,	(2013):
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The	general	framework	for	modelling	agents	navigating	
dynamic	environments
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Today’s	focus:	hierarchical	Gaussian	filters
(HGFs,	Mathys	et	al.,	2011;	2014)
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HGFs provide a generic solution to the problem of adapting one’s learning rate in a
dynamic environment.

Variational	inversion	leads	to	update	equations
that	are	precision-weighted	prediction	errors.

With	only	1	level,	the	HGF	is	a
Kalman	filter.	



Generative	model	for	trial	outcomes	in	the	Iglesias	et	al.	task:

3-level	HGF	for	binary	observations
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Mathys	et	al.,	2011;	Iglesias	et	al.,	2013;	Vossel	et	al.,	2014a;	Hauser	et	al.,	2014;	Diaconescu	et	
al.,	2014;	Vossel	et	al.,	2014b;	...
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Outcome:	1	if	high/low	tone	
followed	by	face/house,	0	otherwise



• Important distinction: generative model (HGF-GM) vs its inversion, inference
model (HGF proper)

• Inversion of HGF-GM proceeds by introducing a mean field approximation and
fitting quadratic approximations to the resulting variational energies (Mathys et
al., 2011).

• This leads to simple one-step update equations (HGF proper) for the sufficient
statistics (mean and precision) of the approximate Gaussian posteriors of the
states 𝑥+.

• The updates of the means have the same structure as value updates in Rescorla-
Wagner learning:

• The updates are precision-weighted prediction errors.

Variational	inversion	and	update	equations
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At the outcome level (i.e., at the very bottom of the hierarchy), we have
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This gives us the following update for our belief on 𝑥$ (our quantity of interest):
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The familiar structure again – but now with a learning rate that is responsive to all
kinds of uncertainty, including environmental (unexpected) uncertainty.

Updates	at	the	first	level
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Unpacking the learning rate, we see:
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The	learning	rate	(‘Kalman	gain’)	in	the	HGF

informational	
uncertainty

environmental	
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(instead of the constant
𝜗 in	the	Kalman	filter)

outcome	uncertainty
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3-level	HGF	for	continuous	observations
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Example	of	precision	weight	trajectory
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Generative	model,	perceptual	model,	and	decision	model

• The	generative	model	model	describes	(probabilistically)	how	the	states	𝑥) evolve	
in	time:	𝑥)

("#$) ⟶ 𝑥)
(")

• Variationally	inverting	the	generative	gives	us	the	perceptual	model (also	called	
inference	model or	recognition	model)

• The	perceptual	model	describes	(deterministically,	via	update	equations)	how	
beliefs 𝜇) , 𝜋) about	states	evolve	in	time:	 𝜇)
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• The	decision	model	(also	called	observation	model	or	response	model)	describes	
(probabilistically)	how	beliefs	are	translated	into	observed	actions:	
𝜇)
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"
)*$,…,-

⟶ 𝑦(")

• In	the	process	of	applying	the	HGF	to	data,	we	only	need	the	perceptual	and	
decision	models.	The	generative	model	has	already	done	its	work:	it	has	supplied	
the	update	equations	of	the	perceptual	model

• Both	the	perceptual	and	decision	models	have	parameters	that	can	be	estimated	
individually	for	each	dataset.	Doing	so	requires	defining	priors	for	these	
parameters.
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Parameter	estimation	with	the	HGF	Toolbox

• Available at

www.translationalneuromodeling.org/tapas or

translationalneuromodeling.github.io/tapas

• Start	with	README,	manual,	and	interactive	demo		

• Modular,	extensible,	Matlab-based
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Parameter	estimation	with	the	HGF	Toolbox
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Iglesias	et	al,	2019	(Correction	to	Iglesias	et	al.,	
2013)



Parameter	estimation	with	the	HGF	Toolbox
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Iglesias	et	al,	2019	(Correction	to	Iglesias	et	al.,	
2013)



Parameter	estimation	with	the	HGF	Toolbox
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Iglesias	et	al,	2019	
(Correction	to	Iglesias	et	al.,	
2013)
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HGF	Toolbox	demo
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Remarks	on	parameter	recovery

• Parameter	recoverymeans	the	ability	to	estimate	the	‘ground	truth’	parameter	
values	put	into	a	simulation

• This	is	never	possible	to	do	exactly	because	simulation	is	stochastic

• The	stochastic	nature	of	the	simulation	means	that	the	parameter	value	best	able	
to	explain	the	simulated	data	is	not	the	same	as	that	used	in	the	simulation.	By	
nature,	the	simulation	only	noisily	represents	the	‘ground	truth’	parameter	
values.

• It	is	therefore	misleading	to	call	the	value	used	in	the	simulation	‘true’.	One	could	
just	as	well	argue	that	the	estimated	value	is	the	‘true’	one	since	it	best	explains	
the	data.

• In	order	to	get	an	idea	of	how	exactly	a	parameter	can	be	recovered,	run	many	
(on	the	order	of	tens	to	hundreds)	simulations	and	look	at	the	distribution	of	
parameter	estimates.

• Estimating	a	parameter	that	isn’t	well	recovered	from	simulations	can	still	
make	sense	because	adjusting	its	value	can	improve	the	model	by	leading	to	
a	better	explanation	of	the	data

20



Remarks	on	model	comparison	/	model	selection

• There	is	a	range	of	scores	that	help	in	choosing	a	well-performing	model:	AIC	
(Akaike	information	criterion),	BIC	(Bayesian	information	criterion),	Bayes	
factors,	LME	(log-model	evidence),	free	energy,	etc.	

• Each	model	gets	a	particular	score	(which	is	on	its	own	uninterpretable!)

• The	difference	in	score	between	models	is	what	counts

• However,	model	selection	is	not	straightforward.	AIC	and	BIC	penalize	complexity	
based	on	simple	heuristics,	which	may	not	reflect	complexity	accurately.	LME	is	
better	on	that	count,	but	is	very	sensitive	to	the	modeller’s	choice	of	priors.

• Three	important	considerations:

1. Does	the	model	allow	me	to	answer	my	question	of	interest?

2. Does	the	prior	predictive distribution	of	observations	make	sense?

3. Does	the	posterior	predictive distribution	of	observations	make	sense?

When	the	answer	to	all	three	is	yes,	the	model	is	fine.
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Thanks
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Conditioned	hallucinations
(Powers,	Mathys,	&	Corlett,	Science,	2017)
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Conditioned	hallucinations
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Conditioned	hallucinations

• Belief/percept	formation	model	specifically	created	for	this	task
• Probability	that	the	subject	will	respond	“yes”	to	detection	on	a	given	trial:	

𝑃 "yes" 𝑏𝑒𝑙𝑖𝑒𝑓) = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑏𝑒𝑙𝑖𝑒𝑓)

• 𝑏𝑒𝑙𝑖𝑒𝑓 is	formalized	as	the	Bayesian	posterior	mean	of	a	beta	distribution

𝑏𝑒𝑙𝑖𝑒𝑓 = 𝑝𝑟𝑖𝑜𝑟 +
1

1 + 𝜈 𝑖𝑛𝑝𝑢𝑡 − 𝑝𝑟𝑖𝑜𝑟

where

• 𝑖𝑛𝑝𝑢𝑡 is	given	by	experimental	design:	the	true	positive	rate	of	the	tone	presented	
without	light	at	each	trial:		25%,	50%,	or	75%

• 𝑝𝑟𝑖𝑜𝑟 is	the	prior	from	learning	using	the	HGF:		𝜇̂(
• 𝜈 is	a	subject-specific	parameter	indicating	the	relative	weight	of	the	prior	compared	to	

the	input.

• For	𝜈 = 1,	prior	and	input	have	equal	weight;	for	𝜈 > 1 the	prior	has	more	weight	than	
the	input;	and	for	𝜈 < 1 the	input	has	more	weight	than	the	prior.
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Conditioned	hallucinations
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Conditioned	hallucinations
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