
Applications of the HGF to attention and expectation
and

HGF message passing within and between brain regions

Christoph Mathys

Icahn School of Medicine at Mount Sinai, New York

31 July 2019



Imagine the following situation:

You’re on a boat, you’re lost in a storm and trying to get back to shore. A
lighthouse has just appeared on the horizon, but you can only see it when you’re
at the peak of a wave. Your GPS etc., has all been washed overboard, but what
you can still do to get an idea of your position is to measure the angle between
north and the lighthouse. How exactly would you proceed?

Right. You would make multiple measurements. Why?

Right. To reduce uncertainty due to observation noise. How does that work?

Right again. Let’s worry about this later and first look at an example.

A simple example of sequential observations in a noisy setting
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You’re still on the boat and these are your measurements (in degrees):

76, 73, 75, 72, 77

What number are you going to base your calculation on?

Right. The mean: 74.6. Why?

Right.
• If we take the mean as our estimate, the error in our estimate is the mean of the errors in the

individual measurements

• Taking the mean as maximum-likelihood estimate implies a Gaussian error distribution
• A Gaussian error distribution appropriately reflects our prior knowledge about the errors

whenever we know nothing about them except perhaps their variance

Observations in a noisy setting
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By the way: how do you calculate the mean !" of "#, "%, … , "'?
The usual way is to take

!" = 1
*+,-#

'
",

This requires you to remember all ",, which can become inefficient. Since the
measurements arrive sequentially, we would like to update !" sequentially as the
", come in – without having to remember them.

It turns out that this is possible. After some algebra (see next slide), we get

!"'.# = !"' +
1

* + 1 "'.# − !"'

Updating the mean of a series of observations

4



Proof of sequential update equation:

"̅#$% =
1

( + 1*+,%

#$%
"+ =

1
( + 1 "#$% + ( -

1
(*+,%

#
"+ =

= 1
( + 1 "#$% + ("̅# = 1

( + 1 "#$% − "̅# + (( + 1)"̅#

= "̅# + %
#$% "#$% − "̅#

q.e.d.

Updating the mean of a series of observations
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!"#$% = !"# +
1

) + 1 "#$% − !"#

What are the building blocks of the updates we’ve just seen?

prediction

prediction error

new input

weight (learning rate)

Is this a general pattern?

More specifically, does it generalize to Bayesian inference?

Indeed, it turns out that in many cases, Bayesian inference can be based on
parameters that are updated using precision-weighted prediction errors.
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Think boat, lighthouse, etc., again, but now we’re doing Bayesian inference.

Before we make the next observation, our belief about the true value of the parameter ! can be
described by a Gaussian prior:

"(!) ∼ &('(, *(+,)

The likelihood of an observation - is also Gaussian, with precision *. :

" - ! ∼ & !, *.+,

Bayes’ rule now tells us that the posterior is Gaussian again:

" ! / = " - ! "(!)
∫ " - !′ " !′ d!′ ∼ & '(|5, *(|5+,

Updates in a simple Gaussian model
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Here’s how the updates to the sufficent statistics ! and " describing our belief look like:

"#|% = "# + "(

!#|% = !# +
"(
"#|%

(* − !#)

The mean is updated by an uncertainty-weighted (more specifically: precision-weighted) prediction
error.

The size of the update is proportional to the likelihood precision and inversely proportional to the
posterior precision.

This pattern is not specific to the univariate Gaussian case, but generalizes to Bayesian updates for all
exponential families of likelihood distributions with conjugate priors (i.e., to all formal descriptions of
inference you are ever likely to need).

Updates in a simple Gaussian model

prediction weight (learning rate)=-./012-/3453 6375898: -353
-./012-/3 76537;< =8./

prediction error
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Many of the most widely used probability distributions are families of exponential distributions.

For example, the Gaussian distribution is an exponential family of distributions (and so are the beta, gamma,
binomial, Bernoulli, multinomial, categorical, Dirichlet, Wishart, Gaussian-gamma, log-Gaussian, multivariate Gaussian, Poisson, and
exponential distributions, among others). This means it can be written the following way:

! " # = ℎ " exp ) # * + " − -(#) = 1
223 exp − 4 − 5 6

23
with
" = 4, # = 5, 3 <, ℎ " = 1

22 , ) # = 5
3 ,−

1
23

<
, + " = 4, 46 <, - # = 56

3 + ln 32

This allows us to look at Bayesian belief updating in a very general way for all exponential families of
distributions.

Generalization to all exponential families of distributions
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Our likelihood is an exponential family in its general form:

! " # = ℎ " exp ) # * + " − -(#)

The vector + " (a function of the observation ") is called the sufficient statistic.

For the prior, we may assume that we have made 0 observations with sufficient statistic 1:

! # 1, 0 = 3 1, 0 exp 0 ) # * 1 − -(#) (where 3 1, 0 is a normlization constant)

It then turns out that the posterior has the same form, but with an updated 1 and 0 replaced with 0 +
1:

! # ", 1, 0 = 3 16, 0 + 1 exp 0 + 1 ) # * 1′ − -(#)

16 = 1 + 1
0 + 1 + " − 1

Generalization to all exponential families of distributions
(Mathys, 2016)
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Proof of the update equation

! " #, %, &
'()*+,-(,

∝ ! # "
/-0+/-1((2

! " %, &
',-(,

= ℎ # exp 8 " 9 : # − <(") ? %, & exp & 8 " 9 % − <(")

∝ exp 8 " 9 : # + &% − & + 1 < "

= exp & + 1 8 " 9
1

& + 1
: # + &% − < "

= exp & + 1 8 " 9 % +
1

& + 1
: # + &% − & + 1 % − < "

= exp & + 1 8 " 9 % +
1

& + 1
: # − %

B:%D

− < "

⟹ ! " #, %, & = ? %D, &D exp &′ 8 " 9 %D − < "

with &D ≔ & + 1, %D ≔ % +
1

& + 1
: # − %

q.e.d.
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… we have dealt (among others) with beliefs about states that are

• binary (Bernoulli)

• categorical

• bounded on both sides (beta)

• bounded on one side (gamma)
• and unbounded (Gaussian)

This includes most kinds of states we can have beliefs about. Notably,

• All Bayesian (i.e., probabilistic, rational) updates of such beliefs take the form of precision-
weighted prediction errors.

• These prediction errors and their precision weights are easy to compute.

• The prediction errors are simple functions of inputs.

... so in sum:
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• Examples of distributions that are not exponential families: Student’s t, Cauchy

• These distributions are popular because of their «fat tails». However, fat tails can also
be achieved with appropriate hierarchies of Gaussians (cf. the hierarchical Gaussian
filter, HGF)

• A further kind of distributions that are not exponential families are found in mixture
models.

• Such models are popular because of they provide multimodal distributions. But again,
appropriate hierarchies of distributions may save the day.

Limitations
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• Formulate the problem hierarchically (i.e., imitate evolution: when it
built a brain that supports a mind which is a model of its environment,
it came up with a (largely) hierarchical solution)

• Separate levels using a mean-field approximation

• Derive update equations

• Example: HGF

How to reveal the precision-weighting of prediction errors when 
simple exponential-family likelihoods will not do
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! "

Sensory input

True
hidden states

Inferred
hidden states

Action

#

$

WorldAgent No, the dynamics
are missing!

But: does inference as we’ve described it adequately describe the 
situation of actual biological agents?
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Up to now, we’ve only looked at inference on static quantities, but biological
agents live in a continually changing world.

In our example, the boat’s position changes and with it the angle to the
lighthouse.

How can we take into account that old information becomes obsolete? If we
don’t, our learning rate becomes smaller and smaller because our eqations were
derived under the assumption that we’re accumulating information about a
stable quantity.

What about dynamics?
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Keep it constant!

So, taking the update equation for the mean of our observations as our point of departure...

"̅# = "̅#%& +
1
) "# − "̅#%& ,

... we simply replace &
# with a constant ε:

-# = -#%& + . "# − -#%& .

This is called Rescorla-Wagner learning [although it wasn’t this line of reasoning that led
Rescorla & Wagner (1972) to their formulation].

What’s the simplest way to keep the learning rate from going too 
low?
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Rewriting the RW learning rule reveals that !" is an average weighted by # of the observation
$" and the previous value !"%&

!" = !"%& + # )" − !"%&

= 1 − # !"%& + #)"

= 1 − # 1 − # !"%, + #)"%& + #)"

= 1 − # ,!"%, + 1 − # #)"%& + #)"

= 1 − # -!"%- + 1 − # ,#)"%, + 1 − # #)"%& +#)"

= 1 − # "!. + #/
01&

"
1 − # "%0)0

Recursively unpacking the content of !" reveals that observations 23 are exponentially
discounted into the past.

How are we treating observations in Rescorla-Wagner learning?
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Taking !" = 0 and % ≔ 1 − ), we get

!* = !*+, + ) .* − !*+,

= 1 − ) !*+, + ).*

= )/
01,

*
1 − ) *+0.0

= 1 − % /
01,

*
%*+0.0

= (1 − %)/
01"

*+,
%0.*+0

How are we treating observations in Rescorla-Wagner learning?
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Partly: it implies a certain rate of forgetting because it amounts to taking only the
! = #

$ last data points into account. But...

... if the learning rate is supposed to reflect uncertainty in Bayesian inference,
then how do we

(a) know that % reflects the right level of uncertainty at any one time, and

(b) account for changes in uncertainty if % is constant?

What we really need is an adaptive learning that accurately reflects uncertainty.

Does a constant learning rate solve our problems?
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This requires us to think a bit more about what kinds of uncertainty we are dealing with.

A possible taxonomy of uncertainty is (cf. Yu & Dayan, 2003; Payzan-LeNestour & Bossaerts,
2011):

(a) outcome uncertainty that remains unaccounted for by the model, called risk by economists
(!" in our Bayesian example); this uncertainty remains even when we know all parameters
exactly,

(b) informational or expected uncertainty about the value of model parameters (!#|" in the
Bayesian example),

(c) environmental or unexpected uncertainty owing to changes in model parameters (not
accounted for in our Bayesian example, hence unexpected).

Needed: an adaptive learning rate that accurately reflects 
uncertainty
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Various efforts have been made to come up with an adaptive learning rate:

– Kalman (1960)

– Sutton (1992)

– Nassar et al. (2010)

– Payzan-LeNestour & Bossaerts (2011)

– Mathys et al. (2011)

– Wilson et al. (2013)

– Et cetera

The Kalman filter is optimal for linear dynamical systems, but realistic data usually require
non-linear models.

Mathys et al. use a generic non-linear hierarchical Bayesian model that allows us to derive
update equations that are optimal in the sense that they minimize surprise.

An adaptive learning rate that accurately reflects uncertainty
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Various efforts have been made to come up with an adaptive learning rate:

– Kalman (1960)

– Sutton (1992)

– Nassar et al. (2010)

– Payzan-LeNestour & Bossaerts (2011)

– Mathys et al. (2011)

– Wilson et al. (2013)

– Et cetera

We will look at two of these:

• The Kalman filter is optimal for linear dynamical systems, but realistic data usually
require non-linear models.

• Mathys et al. use a generic non-linear hierarchical Bayesian model that allows us to
derive update equations that are optimal in the sense that they minimize surprise.

An adaptive learning rate that accurately reflects uncertainty
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So far, so good: we have learnt how to model uncertainty resulting from observation noise explicitly

However, we face the same problem as when we updated the mean of a time series: in making
updates from sequential observations in this way, we are assuming that the underlying hidden state
! is stationary.
Relaxing this assumption and replacing it with a Gaussian random walk gives us the Kalman filter:

" !($)|! $'( , * = , !($); !($'(), *

" .($)|!($), / = , .($); !($), /

Combining this with the prior

" !($'() = , !($'(); 01($'(), ⁄1 41($'() , …

Dealing with nonstationary environments: the Kalman filter
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... and doing some algebra, we get the posterior

3 4(6) = 9 4(6); ;<
(6)
, ⁄1 ?<

(6)

with

?<
(6)

=
1

@<
(6AB)

+ D
+
1

@
= E?<

(6AB)
+ E?F

;<
(6)

= ;<
(6AB)

+
E?F

?<
(6)

G(6) − ;<
(6AB)

= ;<
(6AB)

+
E?F

1

@<
(6AB)

+ D
+ E?F

G(6) − ;<
(6AB)

The Kalman filter is optimal for linear dynamic systems.

Unfortunately, except for simple physical systems, the world is not linear. Living organisms need to be
able to filter inputs whose rate of change changes, in other words: processes whose volatility is
volatile.

Dealing with nonstationary environments: the Kalman filter
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The hierarchical Gaussian filter
(HGF, Mathys et al., 2011; 2014)

! "#(%)

"'(%())
"#(%)~+ "#(%()), -

")(%)~+ ")%() , .) "'

! ")(%)

")(%())

"'(%)~+ "'%() , .' "/

! "'(%)

"'(%())

"0
(%)~+ "0%() , .0 "01)

! "0
(%)

"0
(%())
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The HGF provides a generic solution to the problem of adapting one’s learning rate in a
volatile environment.

Variational inversion leads to update equations
that are precision-weighted prediction errors.

With only 1 level, the HGF is a
Kalman filter. 



Δ"# ∝
%&#'(
&#

)#'(

• Inversion proceeds by introducing a mean field approximation and fitting
quadratic approximations to the resulting variational energies (Mathys et al.,
2011).

• This leads to simple one-step update equations for the sufficient statistics
(mean and precision) of the approximate Gaussian posteriors of the states *# .

• The updates of the means have the same structure as value updates in Rescorla-
Wagner learning:

• The updates are precision-weighted prediction errors.

Variational inversion and update equations

Prediction error

Precisions determine 
learning rate
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Precision-weighting of volatility updates

Comparison to the simple non-hierarchical Bayesian update:

HGF:

Simple Gaussian:

!"
($) = !"

($'() + 12 ,"'( -"'(
($) . /0"'(

($)

0"
($) . 1"'(

($)

!2|4 = !2 +
04
02|4

(5 − !2)

Precision-weighted 
prediction error
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At the outcome level (i.e., at the very bottom of the hierarchy), we have

!(#) ~& '(# , *+,-(

This gives us the following update for our belief on '( (our quantity of interest):

+((#) = *+((#) + *+,

0((#) = 0((#-() +
*+,
+(
(#) ! # − 0((#-()

The familiar structure again – but now with a learning rate that is responsive to all kinds of
uncertainty, including environmental (unexpected) uncertainty.

Updates at the outcome level
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Unpacking the learning rate, we see:

!"#
"$
(&) =

!"#
!"$
(&) + !"#

= !"#
1

+$
(&,$) + exp 0$12

(&,$) + 3$
+ !"#

The learning rate (‘Kalman gain’) in the HGF

informational 
uncertainty

environmental 
uncertainty

(instead of the constant
4 in the Kalman filter)

outcome uncertainty
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3-level HGF for continuous observations
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Example of precision weight trajectory
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True
hidden states

Inferred
hidden states

Response

#

$

WorldAgent

%

&
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model with
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Response
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? "

Sensory input
(given)

True
hidden states

Response
(observed)

#

$

WorldAgent

?

?
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model with
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(unknown)

Inferred
hidden states

(unknown)

Response
model with

parameters &
(unknown)

True
hidden states
(inaccessible)

Application to experimental data
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Sensory input
(given)

True hidden
statesInferred

hidden states

Response
(observed)

"

#

WorldAgent

?

?
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model

Response
model

Parameter
estimation $ %

&

Perceptual
parameters

Response
parameters

Implied trajectories
of beliefs about
hidden states

Application to experimental data: parameter estimation



Parameter estimation with the HGF Toolbox

• Available at

https://translationalneuromodeling.github.io/tapas

• Start with README, manual, and interactive demo  

• Modular, extensible, Matlab-based
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Studies of attention and expectation
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Posner paradigm with varying % cue validity: 



Studies of attention and expectation
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Studies of attention and expectation
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Studies of attention and expectation
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Precision model: 

Belief model: 

Surprise model: 



Studies of attention and expectation
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Studies of attention and expectation
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Studies of attention and expectation

42



Studies of attention and expectation
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Studies of attention and expectation



Studies of attention and expectation
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Studies of attention and expectation
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Studies of attention and expectation
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Studies of attention and expectation
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ghgf: The basic idea
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!

"#$ "#%

#$ #%

&"'( & "')

*'(, &'( *'), &'),-.

VAPE VAPE

VOPE VOPE

#$(0)~3 #$04$ + 6 #%(04$) , exp *' "#$(0) + &'

VAPE



ghgf: Overview

• Large networks of nodes coupled by either VAPEs or VOPEs

• VAPE: value prediction error

• VOPE: volatility prediction error

• Nonlinear (e.g. ReLU) VAPE coupling

• Continuous time

• Python toolbox

• Predictive coding: interpretation of neuronal activity in terms of HGF message 

passing
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ghgf: Predictive coding
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