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The usual way to calculate the mean 𝑥̅ of 𝑥!, 𝑥", … , 𝑥# is to take
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However, when observations are made sequentially, it is more convenient to
update the mean 𝑥̅ after each new observation.

𝑥̅#&! = 𝑥̅# +
1

𝑛 + 1 𝑥#&! − 𝑥̅#

Updating	the	mean	of	a	series	of	observations
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In our paper, we show that Bayesian inference with exponential-family distributions can be
reduced to updating the mean of the sufficient statistics using the equation just shown:

𝝃! = 𝝃 +
1

𝜈 + 1 𝑻 𝒙 − 𝝃

• 𝑻 𝒙 (a function of the observation 𝒙) is the sufficient statistic

• 𝝃 is the hyperparameter vector – this parameterizes the prior

• 𝝃′ is the updated hyperparameter vector – this parameterizes the posterior
• 𝜈 is an additional hyperparameter which determines the weight of the prior relative to the

observation. It can be interpreted as the number of observations implicitly contained in
the prior.

As we show, this only works with a particular conjugate prior:

𝑝 𝝑 𝝃, 𝜈 = 𝑧 𝝃, 𝜈 exp 𝜈 𝜼 𝝑 2 𝝃 − 𝐴(𝝑) (where	𝑧 𝝃, 𝜈 is	a	normalization	constant)

We	show	that	this	can	be	applied	to	the	sufficient	statistics	of	
exponential-family	distributions
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• Active inference relies on updating beliefs and initiating actions based on prediction
errors

• However, evaluating prediction errors requires adequate predictive distributions

• Exponential-family models can have predictive distributions which are not
exponential families

• For example, a Gaussian model (Gaussian likelihood with Gaussian conjugate prior)
has a generalized Student’s t distribution (‘Gaussian-predictive’) as its predictive
distribution when both the mean and the variance of the likelihood are unknown.

• Our updating scheme accommodates this efficiently

Adequate	predictive	distributions	are	critical	to	active	inference
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Updates	to	the	Gaussian-predictive
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• When we use hierarchical Gaussian filter (HGF) on a time series, this gives us an
implied 𝜈 for each point in time.

• If the HGF is appropriately calibrated, the implied 𝜈, applied to the sufficient
statistics, will give an appropriate predictive distribution.

• Crucially, the predictive distribution will not only have an appropriate mean
and precision, but will also be adequately fat-tailed.

• This goes beyond existing filtering solutions such as DEM (dynamic expectation
maximization, Friston et al., 2008)

Hierarchical	Gaussian	filtering	determines	the	right	𝝂 for	the	
predictive	distribution	of	time	series
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Dynamically	updated	𝝂 thanks	to	filtering
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Thanks!

8


