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Computational modelling and the inferential brain
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(Every good regulator of a system must be a model of that
systemd § #1 1T AT O O !/ OEAUh pwyxmnqg

Abstract:

«The design of a complex regulator often includes the making of a model of the system
to be regulated. The making of such a model has hitherto been regarded as optional, a
merely one of many possible ways.

In this paper a theorem is presented which shows, under very broad conditions, that
any regulator that is maximally both successful and simpiest be isomorphic with

the system being regulated. (The exact assumptions are given.) Making a model is thu
necessary.

The theorem has the interesting corollary thake living brain , so far as it is to be
successful and efficient as a regulator for survivalst proceed, in learning,by the
formation of a model (or models) of its environment. »



What the inferential brain does: Bayesian inference

A «Bayesian inference» simply means inference on uncertain quantities
accordingto the rules of probability theory (i.e., accordingto logic).

A Agentswho use Bayesianinference will make better predictions (provided
they have a good model of their environment), which will give them an
evolutionary advantage

A We may therefore assume that evolved biological agents use Bayesian
Inference, or acloseapproximation to it.

A But how canwe reduce Bayesianinference to a simple algorithm that can
be implemented by neurons?



Before we return to Bayes: a very simple example of
updating in response to new information

Imagine the following situation:

91 OdrOafboat, UT O tosd Ak a storm and trying to get back to shore. A
lighthouse has just appeared on the horizon, but you can only seeit when
Ul O at@ha peak of a wave. Your GPSetc., has all been washed overboard,
but what you canstill do to getanidea of your position is to measurethe angle
betweennorth andthe lighthouse. Theseare your measurements(in degrees)

76, 73,75,72, 77

What number are you goingto baseyour calculationon?

Right. The mean: 74.6. How do you calculatethat?



Updating the mean of a series of observations
The usualway to calculatethe meanajof & hoo 8 hw is to take

W

P
a3

This requires you to remember all w, which can becomeinefficient. Sincethe
measurementsarrive sequentially, we would like to update ajsequentially as
the w comein z without havingto rememberthem.

It turns out that this is possible After somealgebra(seenext slide), we get

p
e p

o G



Updating the mean of a series of observations

Proof of sequentialupdate formula:
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Updating the mean of a series of observations

The segentialupdatesin our examplenow look like this:
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new input

prediction

weight (learning rate)

Is this a generalpattern?
More specifically,doesit generalizeto Bayesianinference?

Indeed, it turns out that in many cases,Bayesianinference can be basedon
parametersthat are updated using precision -weighted prediction errors .



Updates in a simple Gaussian model

Think boat, lighthouse, etc., again,but now x A 6d0idg Bayesianinference.

Before we make the next observation, our belief about the true value of the parameteri canbe
describedby a Gaussianprior :

ntT Do H
Thelikelihood of an observation wis also Gaussianwith precision “
naf)D™ G H )
" A U Al® Bow tells usthat the posterior is Gaussianagain:
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Updates in a simple Gaussian model

( A OHolv e updatesto the sufficent statistics* and*“ describing our belief look like:

prediction weight (learning rate)=

-— prediction error

The mean is updated by an uncertainty-weighted (more specifically: precision-weighted)
prediction error.

Thesizeof the updateis proportional to the likelihood precision and inversely proportional to the
posterior precision.

This pattern is not specificto the univariate Gaussiancase,but generalizesto Bayesianupdates
for all exponential families of likelihood distributions with conjugate priors (i.e. to all formal
descriptions of inference you are ever likely to need).
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Reduction to mean updating

Reminder (Gaussianupdate):

s - (d) ‘ ) ‘ d) 4
2

Reducing by “ the fraction of precisions that makethe learning rate, we get

As we shall see,this is the equation for updating an arithmetic mean, but with the number of
observations¢ replacedby —.

This shows that Bayesianinference on the mean of a Gaussiandistribution entails nothing more
than updating the arithmetic mean of observationswith — d asa proxy for the number of

prior observations,i.e. for the weight of the prior relative to the observation .
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Generalization to all exponential families  of distributions

Many of the most widely usedprobability distributions are families of exponential distributions .

For example,the Gaussiandistribution is an exponential family of distributions (and soare the beta,
gamma, binomial, Bernoulli, multinomial, categorical, Dirichlet, Wishart, Gaussiangamma, log-Gaussian,multivariate Gaussian,

Poisson,and exponential distributions, amongothers). This meansit canbe written the following way:
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This allows us to look at Bayesian belief updating in a very general way for all exponential
families of distributions .
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Generalization to all exponential families  of distributions
(Mathys, 2016)

Our likelihood is an exponential family in its generalform:

Nel") "TAo)AABC )& (o) 67 )

Thevector 4| (e) (afunction of the observation e) is called the sufficient statistic.

For the prior, we may assumethat we havemade’ observationswith sufficient statistic K

ne |Kﬁ ) C((Kﬁ )A qa‘r_(’ )gK 07 )) (where a(Kfi ) is a normlization constani

It then turns out that the posterior hasthe sameform, but with anupdated Kand’ replacedwith
7 p:
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Proof of the update equation
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Some examples

Univariate Gaussian model with unkown mean but known precision (our example from the
beginning):

1@ o
This meansupdating beliefs about the meansimply requires tracking the mean of observations
Univariate Gaussian model with unkown meanand unkown precision:
1@ (chod)

Updating beliefs about both mean and precision of a Gaussianrequires tracking the means of
observationsand squaredobservations, this amountsto the first and secondmomentsby which a
Gaussiandistribution is fully characterized.

In the multivariate Gaussian casewe haved|(e) (ehee )
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Some examples

Bernoulli model (one out of two possibleoutcomes,codedasO and 1; e.g., coin flipping) :
1@ o

The prior here turns out to be a beta distribution correspondingto ' pseudo-observationswith
mean, . All we needto do to getthe posterior (i.e., to update our belief) is to update the meanas
new observationscomein.

Categorical model (one out of severalpossible outcomes,with the observedoutcome codedas1,
the rest asO)

Jo)

The prior and posterior here are Dirichlet distributions , and again,all we needto do to update
beliefsthat havea Dirichlet form is to track the meansof observedsucceseq 1) and failures (0).
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Some examples
Beta model (an outcomeboundedbetween0 and 1):

1@ (1 A p

Gamma model (an outcomeboundedbelow at 0):

@ (1 Bhy

@)
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...SO In sum:

8 we havedealt (amongothers) with beliefsabout statesthat are
binary (Bernoulli)

categorical

boundedon both sides(beta)

boundedon one side (gamma)

o o To o Do

and unbounded (Gaussian)

This includes most kinds of stateswe canhavebeliefs about. Notably,

A All Bayesian (i.e., probabilistic, rational) updates of such beliefs take the form of
precision -weighted prediction errors .

A These prediction errors and their precision weights are easyto compute .

A The prediction errors are simple functions of inputs .
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Limitations

A Examplesof distributions that are not exponential families: 3 O O A A Cadéhyp

A Thesedistributions are popular becauseof their «fat tails». However, fat tails can
also be achieved with appropriate hierarchies of Gaussians(cf. the hierarchical
Gaussiarfilter, HGF)

A A further kind of distributions that are not exponential families are found in
mixture models.

A Such models are popular becauseof they provide multimodal distributions. But
again,appropriate hierarchies of distributions may savethe day.
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How to reveal the precision -weighting of prediction errors
when simple exponential -family likelihoods will not do

A Formulate the problem hierarchically (i.e., imitate evolution: when
It built a brain that supports a mind which is a model of its
environment, it cameup with a(largely) hierarchical solution)

A Separatelevels using a mean-ield approximation

A Derive update equations

A Example HGF

21



Neurobiology: predictive coding (e.g., Friston, 2005)

A feedforward: error signal error signal error signal
: )
input predictive estimator predictive estimator
inhibition T |
feedback: prediction prediction prediction

B Forward prediction error

22
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describe the situation of actual biological agents?

Agent | World No, the dynamics
1 . .
Sensory input are missing!
Inferred True

hidden states hidden states

Action



What about the dynamics?

Up to now, x A & @nllk looked at inference on static quantities, but biological
agentslive in acontinually changingworld.

In our example, the AT A QoSition changesand with it the angle to the
lighthouse.

How can we take into accountthat old information becomesobsolete?If we
AT T @auOdarning rate becomessmaller and smaller becauseour egations
were derived under the assumption that x A 6 &éumulating information
about a stable quantity.
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going too low?

Keepit constant!

So,taking the update equation for the meanof our observationsasour point of departure...
‘ ‘ P, . ‘ ~
o o g(w of )h

...we simply replace- with aconstant| :

(@ )8

This is called Rescorlawagner learning [although it x A O thd @nhe of reasoning that led
Rescorla& Wagner(1972) to their formulation] .
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Does a constant learning rate solve our problems?

Partly: it implies a certain rate of forgetting becauseit amounts to taking only
the¢ —lastdatapoints into account But...

...If the learning rate is supposedto reflect uncertainty in Bayesianinference,
then how do we

(a) know that| reflectsthe right level of uncertainty at any onetime, and
(b) accountfor changesin uncertainty if| is constant?

What we really need is an adaptive learning that accurately reflects
uncertainty.
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Needed: an adaptive learning rate that accurately reflects
uncertainty

This requires usto think abit more aboutwhat kinds of uncertainty we are dealing with .

A possibletaxonomy of uncertainty is (cf. Yu& Dayan,2003; PayzarLeNestour & Bossaerts,
2011):

(a) outcome uncertainty that remains unaccounted for by the model, called risk by
economists(“ in our Bayesianexample); this uncertainty remains evenwhen we know all
parametersexactly,

(b) informational or expecteduncertainty about the value of model parameters (“ ¢ in the
Bayesianexample),

(c) environmental or unexpecteduncertainty owing to changesin model parameters (not
accountedfor in our Bayesianexample,henceunexpected)

27



An adaptive learning rate that accurately reflects
uncertainty

Various efforts havebeenmadeto comeup with an adaptive learning rate:

Kalman(1960)

Sutton (1992)

Nassaret al. (2010)
PayzanLeNestour& Bossaerts(2011)
Mathyset al. (2011)

Wilson et al. (2013)

The Kalman filter is optimal for linear dynamical systems, but realistic data usually
require non-linear models.

Mathys et al. use a generic non-linear hierarchical Bayesianmodel that allows us to
derive update equationsthat are optimal in the sensethat they minimize surprise.

28



The hierarchical Gaussian filter
(HGF, Mathys et al., 2011; 2014)

The HGFprovides a generic solution to the problem of adapting! 1T Adarding rate in a
volatile environment.

Variational inversion leads to update equations
that are g you guessed i precision-weighted (o )
prediction errors. o x” (w

29



Coupling between levels

Since’(has to be everywhere positive, we cannot approximate it by expanding
In powers. Instead, we expand its logarithm.

WY oo MRl A ') ! o
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Variational inversion

A A quadratic approximation is found by expanding to second order about the
expectation’

A The update in the sufficient statistics of the approximate posterior is then
performed by analytically finding the maximum of the quadratic
approximation.

Maximum of Q

. . 1
‘e (p( (k) _ _
- I(X) " ) O =T
Variational . d°l L
energy "‘ Our quadratic i
s approximation
ol (M‘A—n)
(k) _  (k=1) _ ! _ (k=D (k) (k-1)
M =] 9?2 T aI( i
I )

Expansion point

L4
o
L]
L 4
L/
o
]
L
L]
o

sLaplacedss quadr at
approximation

e® gkl

Mathys et al. (2011). Front. Hum. Neurosci., 5:39.

31



Variational inversion and update equations

A Inversion proceeds by introducing a mean field approximation and fitting
guadratic approximations to the resulting variational energies(Mathys et al.,
2011).

A This leadsto simple one-step update equations for the sufficient statistics
(mean and precision) of the approximate Gaussianposteriors of the states
.

A The updates of the means have the same structure as value updates in
RescorlaWagnerlearning:

“ Prediction error

A Furthermore, the updatesare precision -weighted prediction errors .
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Precision -weighting of volatility updates

Comparison to the simple norhierarchical Bayesian update:

Her: =« (G oo @

Precision-weighted
prediction error

Simple Gaussian: e
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Updates at the outcome level

At the outcomelevel (i.e., at the very bottom of the hierarchy), we have

This givesusthe following update for our belief on @ (our quantity of interest):

o e )

The familiar structure again z but now with a learning rate that is responsive to all
kinds of uncertainty, including environmental (unexpected)uncertainty.
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The learning rate in the HGF

Unpackingthe learning rate, we see

outcome uncertai nty

informational
uncertainty

/4

environmental
uncertainty
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3-level HGF for continuous observations

Posterior expectation of X,
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Example of precision weight trajectory

o~
2

eights

=

.
o

6

-4
()

1.8
1.6
1.4

1.2

0.8

*w‘[*
179

Posterior expectation of Xy

| 1 1
100 200 300 400 500 600
Posterior expectation of X,

4
e O G S
2 4

1 1
100 200 300 400 500 600
Input u (green) and posterior expectation of X, (red) for g=0 0 0, »=1 1, w=-13 -2 -2, ¢=0.0001

L 1
100 200 300 400 500 600
Trial number

Precision weights

—1st level
——2nd level |
—3rd level

100 200 300 400 500 600
Trading days from Jan 1, 2010

37



Application to binary data

State of the

world Model
P(x3™M) ~ N(xz(D,v)
Log-volatilit Gaussian
J N y random walk with P (M)
3 constant step
of tendency size v
xqlkcD)
p(®) ~ N D, exp(exs+¥))
Tendency Gaussian
X5 random walk with pOC™)
towards step size
cat egor|ly ©REIY)
X kD

Stimulus
category

(A0O0 of

Sigmoid trans-
formation of x,

A10)

P(X1=1) = s(xy)
P(X,=0) = 1-s(x2)
1

p(=1)

0

Mathys et al. (2011). Front. Hum. Neurosci., 5:39.
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Update equation for binary observations

A

A

N Tip is observed by the agent. Each observation leads to an update in
the belief onw hw B, and so on up the hierarchy.

The updates forw can be derived in the same manner as above.

) 1) 6 (@ 020G )

At first, this simply looks like an uncertainty-weighted update. However,
when we unpack, and do a Taylor expansion in powers df , we see that it
IS again proportional to the precision of the prediction on the level below:

« ()

TR0 O OCO) () (0) o

P
At all higher levels, the updates are as previously derived.
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Context effects on the learning rate

Simulation: J =05, w=-22, k=14

Posterior expectation K, of log-volatility of tendency X,

) 0 50 100 150 200 250 300
Trial number

Posterior expectation Hy of tendency X,

4 T I I
2
= 0
-2
-4 \ \ | | | |
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B
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) e e T T
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Trial number
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HGF: empirical evidence (De Berker et al, Nature Comms, 2016)

“ % No snake? f No Stimulus i |
snake ~300 ms Prediction Outcome
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~ ITI
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HGF: empirical evidence (De Berker et al, Nature Comms, 2016)

Learning model Uncertainty trajectories
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HGF: empirical evidence (De Berker et al, Nature
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HGF: empirical evidence (De Berker et al, Nature Comms, 2016)
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HGF: empirical evidence (Marshall & Mathys et al., PLOS Biol., 2016)
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HGF: empirical evidence (Marshall & Mathys et al., PLOS Biol., 2016)
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HGF: empirical evidence (Marshall & Mathys et al., PLOS Biol., 2016)
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HGF: empirical evidence (Marshall & Mathys et al., PLOS Biol., 2016)
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HGF: empirical evidence ( Diaconescu et al., in preparation)

3s 2s 6s ls

Fig. 1. Experimental Paradigm: 100 male volunteers played a binary lottery task and received advice about which option to
choose from a more informed agent who was also incentivized to influence the participants’ choices. To decide whether to
take his advice into account, participants also inferred on the other’s intentions and how they changed in time.
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HGF: empirical evidence ( Diaconescu et al., in preparation)
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HGF: empirical evidence ( Diaconescu et al., in preparation)
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HGF: empirical evidence ( Diaconescu et al., in preparation)
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Association learning and autism
(Lawson, Mathys, & Rees, Nature Neuroscience, 2017)
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Association learning and autism

A 650

Reaction Time
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Association learning and autism
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Conditioned hallucinations
(Powers, Mathys, & Corlett, Science, 2017)
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Conditioned hallucinations

Q
O

15+ R 1 3
—_ ° °
o L] o 0
Pz ° ° (] 0.8+
2 2% |

o .© i
%-20«» : % £E
S | 0 906+
2 . . 25
8 | = ok 35
— L]
= * ° 5 204
L]
5250 . o z2 |
5 . o 55
2 . S Aoz
° . 8
o
L]
-30 : , ,

0.4

* k%

Hallucinators

L]

[ 2
ﬁ
oo

Non-
Hallucinators

&

P*H* P H* P'H PH

P*H"

PH

O

—_
|

Probability of Answering “Yes”

o
)
"

o
o
;

o
'S

o
()
A

Q
- + + oP*H*
*kk I + rrrrr mpP H*
o + AP'H-
+ OPH-

b
4
No "I'one 25% 5(;% 75"%

Likelihood Likelihood Likelihood
Detection  Detection  Detection

57



Conditioned hallucinations

A Belief/percept formation model specifically created for this task
A 0OI AAAEI EOU OEAO OEA OOAEAAO xEIiIl OAODPITA
0(c UAOZa QA MQ4 £Q8 QQQ

A d & "&ddenalized as the Bayesian posterior mean of a beta distribution
HQa QRIQ0E ?‘)p—,("Qé i Ompi QE |
where

A Q& nisgiven by experimental design: the true positive rate of the tone presented
without light at each trial: 25%, 50%, or 75%

A N1 "Qgthe prior from learning using the HGF: HU

A ' is a subjectspecific parameter indicating the relative weight of the prior compared to
the input.

A For’ p, prior and input have equal weight; for ~ p the prior has more weight than
the input; and for’  pthe input has more weight than the prior.
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Conditioned hallucinations
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Conditioned hallucinations
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Conditioned hallucinations
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VAPEs and VOPEs

The updates of the belief orw are driven by value prediction errors (VAPES)
L “ = VAPE

while the w -updates are driven by volatility prediction errors (VOPES)

f ‘ E" 0 “_GVOPE
C 7

- A 1) "
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3-level HGF for binary observations

Mathys et al., 2011, Iglesias et al., 2013; Vossel et al., 2014a; Hauser et al., 2014; Diaconescu et
al., 2014; Vossel et al., 2014b; ...
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Notation
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3-level HGF for continuous observations

W
R
R
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Variable drift
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Jumping Gaussian estimation task

Input (green) and decision (orange) with mean and 95% interval of input (black)
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Independent mean and variance model
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Jumping Gaussian estimation task

Prediction of mput (brown) mput (green) posterlor belief (red) Belief on noise (red), true noise (dashed black)
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How to estimate and compare models:
the HGF Toolbox

A Available athttps:// www.tnu.ethz.ch / tapas
A Start with README, manual, and interactive demo
A Modular, extensible

A Matlab-based
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Action as active inference

Stephan et al. (2016), Front. HuniNeurosci, 10:550
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