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More	on	this:
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https://www.giannisarcone.com/Muller_lyer_illusion.html

https://www.youtube.com/watch?v=ORoTCBrCKIQ

https://www.youtube.com/watch?v=6YIPtJlCbIA

https://www.giannisarcone.com/Muller_lyer_illusion.html
https://www.youtube.com/watch%3Fv=ORoTCBrCKIQ
https://www.youtube.com/watch%3Fv=6YIPtJlCbIA


According to Helmholtz, we are minimizing our surprise at the sensory signals
reaching us:

‘Objects are always imagined as being present in the field of vision as would have to be
there in order to produce the same impression on the nervous mechanism.’

—Helmholtz (1867), Handbuch der physiologischen Optik [Treatise on Physiological Optics], p. 428

The perceived (‘imagined’) object is the one that is least unlikely given the sensory data
(‘impression on the nervous mechanism’).

Visually exploring a scene (i.e., acting to move our eyeballs) allows for testing
hypotheses about the objects present in the field of vision.

In other words: the mind actively infers the objects of its perception in what
Helmholtz calls ‘unconscious inference’ (p. 430).

If this is true, it means that to understand the mind and the brain, we need to
understand the mechanics of inference, i.e. the mechanics of updating predictions.

In	perceiving	and	acting,	what	problem	are	we	solving?
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• In order for us (or any biological organism) to survive and prosper,
it is important that we understand how our environment works.

• The key measure of this understanding (or rather the lack of it) is
the surprise we experience at the sensory input we receive over
time.

• Given a probabilistic model of how the environment generates our
sensory input, surprise can be defined mathematically and
minimized algorithmically.

Why	is	it	important	to	minimize	surprise?
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Abstract:

«The	design	of	a	complex	regulator	often	includes	the	making	of	a	model	of	the	system	
to	be	regulated.	The	making	of	such	a	model	has	hitherto	been	regarded	as	optional,	as	
merely	one	of	many	possible	ways.

In	this	paper	a	theorem	is	presented	which	shows,	under	very	broad	conditions,	that	
any	regulator	that	is	maximally	both	successful	and	simple	must be	isomorphic	with	
the	system	being	regulated.	(The	exact	assumptions	are	given.)	Making	a	model	is	thus	
necessary.

The	theorem	has	the	interesting	corollary	that	the	living	brain,	so	far	as	it	is	to	be	
successful	and	efficient	as	a	regulator	for	survival,	must proceed,	in	learning,	by	the	
formation	of	a	model	(or	models)	of	its	environment.»

“Every	good	regulator	of	a	system	must	be	a	model	of	that	system”1
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1Conant, R. C., & Ashby, R. W. (1970). Every good regulator of a system must be a model of that system.
International Journal of Systems Science, 1(2), 89–97. https://doi.org/10.1080/00207727008920220
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• It means keeping the entropy of inputs low

• Entropy is expected surprise (cf. later)

• Given a model 𝑚, under ergodic assumptions (i.e., time 𝑡 spent in a state 𝑥
corresponds to probability of that state), the entropy 𝐻(𝑥) is:

𝐻 𝑥 ≔ −)𝑝 𝑥 𝑚 log 𝑝 𝑥 𝑚 d𝑥

= − lim
!→#

1
𝑇
)
$

!

log 𝑝 𝑥 𝑚 d𝑡

• This means that in order to keep entropy of inputs low, our agent needs to keep
surprise at any one point in time low.

What	does	‘good	regulation’	mean?	
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At the most general level, there are two ways:

• Adjust predictions to match inputs (inference and learning)

• Learning means building a model of the time-invariant structure of the
environment

• Inferencemeans determining the time-dependent state of the environment.

• Adjust inputs to match predictions (action)

• Action that reduces surprise can be implemented by introducing the prediction that
we will act such as to minimize surprise and then choosing actions such as to
minimize surprise about these actions. This is active inference.

How	can	we	minimize	surprise?	
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• Biological organisms use sensory inputs to uncover (i.e., infer) the
structure of their surroundings

• Sensory inputs are ambiguous and noisy

• Ambiguity and noise can be resolved using probabilistic predictions based
on prior information

• These predictions help identify the most likely cause of sensory inputs (cf.
Helmholtz)

• According to the predictive coding framework (sometimes also called the
predictive processing framework), prediction based on prior information
about the world is a key feature of brain function.

Predictive	coding	for	learning	and	inference1
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1 Review: Teufel, C., & Fletcher, P. C. (2020). Forms of prediction in the nervous system. Nature
Reviews Neuroscience, 1–12. https://doi.org/10.1038/s41583-020-0275-5

https://doi.org/10.1038/s41583-020-0275-5


Hierarchical	predictive	coding	in	the	brain1
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1Friston, K. (2005). A theory of cortical responses. Philosophical Transactions of the Royal Society B:
Biological Sciences, 360(1456), 815–836. https://doi.org/10.1098/rstb.2005.1622

https://doi.org/10.1098/rstb.2005.1622


Hierarchical	predictive	coding	in	the	brain
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Stephan	et	al.	(2016).	https://doi.org/10.3389/fnhum.2016.00550

https://doi.org/10.3389/fnhum.2016.00550


The	rules	of	inference,	plus	action	→	surprise	minimization	
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Stephan	et	al.	(2016).	https://doi.org/10.3389/fnhum.2016.00550

https://doi.org/10.3389/fnhum.2016.00550


More	on	surprise

• How	surprising	an	event	is	felt	to	be	depends	on	its	probability.

• It	makes	intuitive	sense	to	take	the	negative	logarithm	of	𝑝 𝑥 𝑚 as	a	measure	of	
surprise.

• If	𝑝 𝑥 𝑚 = 1,	the	outcome	was	certain	and	there	is	no	surprise	at	all	
(−log 𝑝 𝑥 𝑚 = 0).

• If	𝑝 𝑥 𝑚 = 0,	the	outcome	was	impossible	and	surprise	is	infinite	
(−log 𝑝 𝑥 𝑚 = ∞).

• In	between,	surprise	is	greater	than	zero	and	increases	for	less	probable	
observations.
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Surprise	in	a	graph

− log 𝑝 𝑥 𝑚
=: surprise

0 1

𝑝 𝑥 𝑚
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Entropy

• A	concept	closely	related	to	surprise	is	entropy

• The	more	ignorant	we	are	about	a	quantity,	the	greater	is	the	surprise	we	may	
expect	when	observing	it.	

• Expected	surprise	is	called	the	entropy 𝑆 of	a	probability	distribution	𝑝:

𝑆 𝑝 ≔ −)𝑝 𝑥 log 𝑝 𝑥 d𝑥

• Entropy	is	a	measure	of	ignorance.

• Its	name	is	due	to	an	analogous	quantity	in	thermodynamics.
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Entropy	example

• As	a	simple	example,	let’s	look	at	a	coin	toss.

• There	are	two	possible	outcomes:	𝑥 ∈ heads, tails

• Since	outcomes	are	discrete	and	binary,	we	use	a	sum	instead	of	an	integral	and	
the	binary	logarithm	to	define	the	entropy:

𝑆 𝑝 ≔ −B
%

𝑝 𝑥 log& 𝑝 𝑥

• For	a	fair	coin	(i.e.,	𝑝 heads = 𝑝 tails = !
"),	𝑆 𝑝 = 1

• However,	for	𝑝 heads = #
!$ ,		𝑝 tails = !

!$ ,	we	get	𝑆 𝑝 ≈ 0.47 because	expected	
surprise	is	much	lower.
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Free	energy

In	information	theory,	free	energy	𝑨 is	the	surprise	of	a	given	model	𝒎 at	a	
particular	(set	of)	observation(s) 𝑥:

𝐴 ≔ − log 𝑝 𝑥 𝑚

However,	at	least	four	kinds	of	free	energy	have	to	be	kept	apart:

• The	free	energy	of	thermodynamics
• The	free	energy	of	statistical	physics

• Informational	free	energy	(as	above)

• Variational	free	energy	(an	upper	bound	on	informational	free	energy)
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Free	energy	in	thermodynamics	and	statistical	mechanics

Two kinds of thermodynamic free energy: Gibbs and Helmholtz (him again!)
Helmholtz free energy:

𝐴 ≔ 𝑈 − 𝑇𝑆

𝑈: internal	energy;					𝑇: temperature;					𝑆: entropy

[Gibbs	free	energy:						𝐺 ≔𝑈 + 𝑝𝑉 − 𝑇𝑆]

In statistical mechanics, the Boltzmann distribution describes the relation between energy
and probability. If particles in a system can be in states 𝑠!, 𝑠", 𝑠#, … corresponding to energy
levels 𝐸!, 𝐸", 𝐸#, …, then the probability 𝑝$ of finding a particle in state 𝑠$ is

𝑝$ =
exp − ⁄𝐸$ 𝑘𝑇
∑% exp − ⁄𝐸% 𝑘𝑇

=
exp − ⁄𝐸$ 𝑘𝑇

𝑍
,

where 𝑇 is temperature and 𝑘 is Boltzmann’s constant, and 𝑍 ≔ ∑% exp − ⁄𝐸% 𝑘𝑇 is the partition
function.
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Free	energy	in	thermodynamics	and	statistical	mechanics

Taking the logarithm on both sides and rearranging gives us

−𝑘𝑇 log 𝑍 = 𝐸$ + 𝑘𝑇 log 𝑝$

Taking the expectation value on both sides, we get

;
$

𝑝$ −𝑘𝑇 log 𝑍 = ;
$

𝑝$ 𝐸$ +;
$

𝑝$ 𝑘𝑇 log 𝑝$

−𝑘𝑇 log 𝑍 = 𝐸 − 𝑇 −𝑘;
$

𝑝$ log 𝑝$ = 𝐸 − 𝑇𝑆

with entropy S ≔ −𝑘∑$ 𝑝$ log 𝑝$.

In analogy to the definition 𝐴 ≔ 𝑈 − 𝑇𝑆 of Helmholtz free energy from thermodynamics, this
motivates the definition

𝐴 ≔ −𝑘𝑇 log 𝑍

of free energy in statistical mechanics.
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Informational	free	energy
Returning	to	information	theory,	we	take	the	definition	of	informational	free	energy	and	perform	
a	series	of	algebraic	operations	on	it:

𝐴 ≔ − log 𝑝 𝑥 𝑚 = −?𝑝 𝜗 𝑥,𝑚 log 𝑝 𝑥 𝑚 d𝜗

= −?𝑝 𝜗 𝑥,𝑚 log
𝑝 𝑥, 𝜗 𝑚
𝑝 𝜗 𝑥,𝑚

d𝜗

= −?𝑝 𝜗 𝑥,𝑚 log 𝑝 𝑥, 𝜗 𝑚 d𝜗

& '

− −?𝑝 𝜗 𝑥,𝑚 log 𝑝 𝜗 𝑥,𝑚 d𝜗

&(

This	gives	us	an	information	theoretic	analogon to	the	definition	of	Helmholtz	free	energy	in	
statistical	mechanics.	Compare:

𝐴 ≔ −𝑘𝑇 log 𝑍 = −𝑘𝑇 log ;
%

exp − ⁄𝐸% 𝑘𝑇

𝐴 ≔ − log 𝑝 𝑥 𝑚 = −log?𝑝 𝑥, 𝜗 𝑚 d𝜗

This	is	the	same	if	we	set	𝑘𝑇 = 1 and	interpret	the	negative	logarithm	of	the	joint	probability	
distribution	as	an	energy:

𝐸) ≡ − log 𝑝 𝑥, 𝜗 𝑚
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Variational	free	energy

The	problem	with	informational	free	energy	is	that	we	cannot	calculate	it	except	in	
trivial	cases.	Whenever	models	are	complicated	enough	to	be	interesting,	the	integrals	
involved	are	intractable.

𝐴 ≔−)𝑝 𝜗 𝑥,𝑚 log 𝑝 𝑥, 𝜗 𝑚 d𝜗

' (

− −)𝑝 𝜗 𝑥,𝑚 log 𝑝 𝜗 𝑥,𝑚 d𝜗

')

The	solution	to	this	is	variational	free	energy,	where	we	replace	the	true	posterior	
𝑝 𝜗 𝑥,𝑚 by	an	approximation	𝑞 𝜗 :

𝐴* ≔−)𝑞 𝜗 log 𝑝 𝑥, 𝜗 𝑚 d𝜗

≔(%

− −)𝑞 𝜗 log 𝑞 𝜗 d𝜗

≔)%
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Variational	free	energy

What	makes	variational	free	energy	𝐴& such	an	extremely	useful	concept	is	the	following	theorem:
𝐴& ≥ 𝐴 for all 𝑞 𝜗

This	means	that	whatever	𝒒 𝝑 we	plug	into	𝑨𝒗,	we	get	an	𝑨𝒗 that	is	greater	than	𝑨.	So	without	
having	to	know	anything	about	𝐴,	we	can	vary	𝑞 𝜗 such	that	it	minimizes	𝐴& .

𝐴& ≔−/𝑞 𝜗 log 𝑝 𝑥, 𝜗 𝑚 d𝜗 + /𝑞 𝜗 log 𝑞 𝜗 d𝜗

The	branch	of	mathematics	that	describes	how	to	carry	out	the	minimization	of	𝐴& with	respect	to	𝑞 𝜗
is	called	variational	calculus,	hence	“variational”	free	energy.

Minimizing	𝐴& with	respect	to	𝑞 𝜗 leads	to	an	approximation	of	𝑝 𝜗 𝑥,𝑚 by	𝑞 𝜗 because	of	the	
theorem	above	and	because	𝐴& = 𝐴 for	𝑞 𝜗 = 𝑝 𝜗 𝑥,𝑚 .

The	remarkable	thing	here	is	that	we	can	use	variational	calculus	to	find	a	𝑞 𝜗 that	approximates	
𝑝 𝜗 𝑥,𝑚 without	ever	having	to	know	𝒑 𝝑 𝒙,𝒎 itself.

This	is	how	the	brain	can	build,	update,	and	compare		models	of	the	world	without	ever	“seeing	behind	
the	scenes”	of	its	sensory	input.
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Variational	free	energy

Proof	that	𝐴& ≥ 𝐴 for all 𝑞 𝜗 :

𝐴 ≔− log 𝑝 𝑥 𝑚

= − log?𝑝 𝑥, 𝜗 𝑚 d𝜗

= − log?𝑞 𝜗
𝑝 𝑥, 𝜗 𝑚
𝑞 𝜗

d𝜗

≤ −?𝑞 𝜗 log
𝑝 𝑥, 𝜗 𝑚
𝑞 𝜗 d𝜗

= −?𝑞 𝜗 log 𝑝 𝑥, 𝜗 𝑚 d𝜗 + ?𝑞 𝜗 log 𝑞 𝜗 d𝜗

=: 𝐴*

Jensen’s	inequality
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𝜆 𝑥

Sensory	input

True
hidden	states

Inferred
hidden	states

Action

𝑢

𝑦

WorldAgent

Agents	and	the	world:	active	inference
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𝜆 𝑥

Sensory	input

True
hidden	states

Inferred
hidden	states

Response

𝑢

𝑦

WorldAgent

𝜒

𝜁

Perceptual
model	with
parameters	𝜒

Response
model	with
parameters	𝜁

? 𝑥

Sensory	input
(given)

True
hidden	states

Response
(observed)

𝑢

𝑦

WorldAgent

?

?

Perceptual
model	with
parameters	𝜒
(unknown)

Inferred
hidden states
(unknown)

Response
model	with
parameters	𝜁
(unknown)

True
hidden states
(inaccessible)

Active	inference:
Minimizing	surprise	about	the	world	and about	my	own	
actions
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? 𝑥

Sensory	input
(given)

True	hidden
statesInferred

hidden	states

Response
(observed)

𝑢

𝑦

WorldAgent

?

?

Perceptual
model

Response
model

Parameter
estimation 𝜒 𝜆

𝜁

Perceptual
parameters

Response
parameters

Implied	trajectories
of	beliefs	about
hidden	states

Application	to	experimental	data:	parameter	
estimation
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• We have seen that minimizing surprise is equivalent to doing
Bayesian inference

• Often it is simpler to do inference (and act!) implicitly by
minimizing surprise

• Active inference amounts to taking the actions that will make it
most likely that I will receive the input I expect to receive. Other
inputs would be surprising, and seeing myself act in a way that
fails to minimize surprising inputs would also be surprising.

• This provides a single framework for inference and action,
sidestepping the dichotomy between perceptual and decision
models.

• The dark room problem doesn’t arise because an absence of low-
level surprises is surprising at the meta-level.

Active	inference:	minimizing	surprise/free	energy	
including about	my	own actions
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• ‘But I like surprises!’ - The dark room problem doesn’t arise because
receiving no inputs would be surprising. In a hierarchical formulation,
lack of low-level surprise leads to high-level surprise, and to action
leading to more low-level surprise. In a time-sensitive formulation,
acting to decrease long-term surprise may lead to an increase in short-
term surprise.

• This is a framework, not a theory. Trying to falsify it or criticizing it for
being unfalsifiable is beside the point.

• Example of a framework: Newton’s 2nd law states that force is mass
times acceleration. ‘Falsifying’ this is beside the point because its value
does not lie in being true but in enabling us to do mechanics, i.e., to
formulate mechanical theories which can be falsified. Progress in
frameworks happens when more powerful frameworks are developed
(Lagrangian mechanics, Hamiltonian mechanics, etc.).

• Active inference and the free energy principle are tools to describe and
build agents negotiating an uncertain environment.

Remarks
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An	example	of	active	inference:

The	allostatic	reflex	arc

Stephan	et	al.	(2016).	https://doi.org/10.3389/fnhum.2016.00550

https://doi.org/10.3389/fnhum.2016.00550
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Active	inference:	the	allostatic	reflex	arc

Stephan	et	al.	(2016).	https://doi.org/10.3389/fnhum.2016.00550

https://doi.org/10.3389/fnhum.2016.00550


Active	inference:	the	allostatic	reflex	arc
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Stephan	et	al.	(2016).	https://doi.org/10.3389/fnhum.2016.00550

https://doi.org/10.3389/fnhum.2016.00550


Model:

Inference	(i.e.,	belief	update):
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Active	inference:	the	allostatic	reflex	arc

Stephan	et	al.	(2016).	https://doi.org/10.3389/fnhum.2016.00550

https://doi.org/10.3389/fnhum.2016.00550


Delta	priors	on	mean	and	precision	of	state:

Negative	of	log-evidence	L is	Shannon	surprise	S:
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Active	inference:	the	allostatic	reflex	arc

Stephan	et	al.	(2016).	https://doi.org/10.3389/fnhum.2016.00550

https://doi.org/10.3389/fnhum.2016.00550


Definition	of	action:

Action	induces	gradient	descent	on	surprise	S:

37

precision-weighted	
prediction	error

Active	inference:	the	allostatic	reflex	arc

Stephan	et	al.	(2016).	https://doi.org/10.3389/fnhum.2016.00550

https://doi.org/10.3389/fnhum.2016.00550


• Reproduce the simulation in the simulation in the previous slide
(Figure 6 from Stephan et al., 2016) in a programming language of your
choice.

• You have the solution coded in Matlab. You can use this as the basis for
your own code and to help your understanding of the simulation
presented in the paper.

• What happens when you vary the input precision 𝜋;<=<?

• What happens when you vary the mean and precision of the
homeostatic setpoint?

Exercise
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Further	reading
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Further	reading
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Further	reading
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Thanks!
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